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Abstract 

This is the second in a sequence of two articles, in which we propose to view the moduh stacks of 
global 6-shtukas as function field analogs for Shimura varieties. Here © is a parahoric Bruhat- 
Tits group scheme over a smooth projective curve, and global ©-shtukas are generalizations 
of Drinfeld shtukas and analogs of abelian varieties with additional structure. We prove that 
the moduli stacks of global ©-shtukas are algebraic Deligne-Mumford stacks. They generalize 
various moduli spaces used by different authors to prove instances of the Langlands program 
over function fields. In the first article we explained the relation between global ©-shtukas and 
local P-shtukas, which are the function field analogs of p-divisible groups, and we proved the 
existence of Rapoport-Zink spaces for local P-shtukas. In the present article we use these spaces 
to (partly) uniformize the moduli stacks of global ©-shtukas. 
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1 Introduction 

Let ¥q be a finite field with q elements, let C be a smooth projective geometrically irreducible curve 
over ¥q, and let © be a parahoric Bruhat-Tits group scheme over C; see Definition 12.11 A global ©- 
shtuka Q_ over an F^-scheme 5 is a tuple si , . . . , s„, r) consisting of a ©-torsor Q over Cs '■= Cx^^ 
S, an n-tuple of (characteristic) sections (si, . . . , Sn) € C^{S) and a Frobenius connection r defined 
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outside the graphs F^. of the sections Sj's, that is, an isomorphism r: cr*G\cg^Uirs- Glcs^UiFs- 
where a* = (idc x Probg^s)*. 

In Theorem 13.141 of this article we show that the moduli stack V^.y^(C, S5) of global 0- 
shtukas, after imposing suitable boundedness conditions (by u) and D-level structures, is an al- 
gebraic Deligne-Mumford stack separated and of finite type over C". Dropping the boundedness 
condition by to we obtain V„JfJ^(C,6) = limV^J^(C,6) as an ind-algebraic stack. Spelling 
out the Riemann-Hilbert correspondence for function fields, together with the tannakian philoso- 
phy, one sees that V^J^(C, 0) may play the same role that Shimura varieties play for number 
fields. More specifically one can hope that the Langlands correspondence for function fields is 
realized on its cohomology. Note that in particular this moduli stack generalizes the space of F- 
sheaves FShD f. which was considered by Drinfeld |Dri87j and Lafforgue |Laf02j in their proof of 
the Langlands correspondence for & = GL2 (resp. & = GL^), and which in turn was generalized 
by Varshavsky's |Var04j moduli stacks FBun. It likewise generalizes the moduli stacks Chtx of 
Ngo and Ngo Dac [NN08j . £lic,&j of Laumon, Rapoport and Stuhler |LRS93j . and Ab-Sh^^ of 
the second author [HarOSj : see Remark 13. 161 On the other hand this analogy can be viewed as an 
attempt to build a bridge between the geometric Langlands program and the arithmetic Langlands 
program, where the role of global 0-shtukas is played by abelian varieties (together with additional 
structures), respectively D-modules. 

In this article our approach to study the moduli stack of global ©-shtukas is to relate it to certain 
moduli spaces for local objects, called local P-shtukas, where P is a parahoric group scheme. More 
precisely, let Ai, = ¥^IQ be the completion of the local ring Oc,u at a closed point 1/ G C, let Qi, 
be its fraction field, and let F = F,^ := & Xc Spec^di, and = <5 xq SpecQ,^. A local F^-shtuka 
over a scheme S G Milpj^^ is a pair C = (>C+,f) consisting of an L+P,y-torsor C+ on S and an 
isomorphism of the LPj^-torsors f: a*C C Here LP^ (resp. L~^F^) denotes the group of loops 
(resp. positive loops) of Pjy (see Section^), C denotes the LP,y-torsor associated with £+, and (j*C 
denotes the pullback of C under the absolute F,y-Frobenius endomorphism Frob(^F^) 5 : S ^ S. 
Moreover, Nilp^^ denotes the category of Aj^-schemes on which the uniformizer C, of A^, is locally 
nilpotent. Local P^-shtukas can be viewed as function field analogs of p-divisible groups; see also 
|HVllllHVT2] . 

In [AH13t Theorem 4.4] we proved that the Rapoport-Zink functor 

S I — > {isomorphism classes of (£, 5) : where £ is a local P,y-shtuka 
over S and 5 : Cg — )• Lq 5 is a quasi-isogeny over S*} , 

for a fixed local Pjy-shtuka Lg over a field k, and S = V(C) C is representable by an ind-scheme, 
ind-quasi-projective over Spf k\Q\; see also Theorem l4.4[ To obtain a formal scheme locally formally 
of finite type, as in the analog for p-divisible groups, one has to impose a hound Z on the Hodge 
polygon, that is on the relative position of a* Cj^ and under f; see Definition 14.51 By |AH131 
Theorem 4.13] the bounded Rapoport-Zink functor M. f^ is representable by a formal scheme locally 
formally of finite type over Spf A;|JC]; see also Theorem '' km 

Consider the formal stack V„^^(C, ©)-, which is obtained by taking the formal completion of 
the stack V„J^^(C, ©) at a fixed n-tuple of pairwise different characteristic places u_= (z^i, . . . , f„) 
of C. This means we let Ay be the completion of the local ring Oc""^, and we consider global 
0-shtukas only over schemes S whose characteristic morphism S factors through Milp^^. 

Recall that with an abelian variety over a scheme in Milp^^ one can associate its p-divisible group. 
In the analogous situation for global ©-shtukas we associated in |AH13t Definition 5.4] a tuple 
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(Xu,{g))i of local Pi.,-shtukas f^^{g) with a global 0-shtuka G in V„^i(C, &)^S). The relation 
between global (25-shtukas and local P-shtukas was thoroughly explained in |AH131 Chapter 5]. 

As was pointed out in [HVllj the true analogs of p-divisible groups are bounded local G- 
shtukas. Nevertheless in Chapter [5] we prove that the product HjAlf (g) can be regarded as a 

uniformization space for V„J^^(C, 0)- already in the unbounded situation; see Theorem 15.31 The 
uniformization morphism Hi Alp (g) ~^ ^n'^^iC,&)- however is only ind-proper and formally 

etale. To obtain a true (partial) uniformization we fix an n-tuple = {Zi)i of bounds and 
consider global 0-shtukas G_ whose associated local P^.-shtuka T^. (^) is bounded by Zj. We also 
introduce the notion of a H -level structure for a compact open subgroup H C 0(A^) on a global 
©-shtuka Q_ using the tannakian theory of Tate modules in Chapter [6l Here is the ring of 
adeles of C outside u. We denote by J^^{C,&)- the stack of global (S-shtukas with H-leyel 
structure fibered in groupoids over Milpj^^, and by V„, ' -J^ {C,&)- the closed ind-substack of 

V^=^^(C, &)- consisting of global <S-shtukas bounded by Z,^. Both stacks are ind-algebraic stacks 
over Spf yljy ind-separated and locally of ind-finite type; see Corollary 16.71 and Remark 17.21 To 

u z 

describe our main uniformization result let £q be a fixed global 0-shtuka in V„' -J^ {C, &)-{k) 
for an algebraically closed field k € Milpj^^ and let (Ljj := T_{Qo) be the associated n-tuple of local 
Pjy.-shtukas. Let I{Q) denote the group QIsog^(^Q) of quasi-isogenies of £q; see Definition 13.51 In 
Theorem 17.41 we construct the uniformization morphism 

: I{Q)\ n ^(^Q^^ Vn'^-J^HC, 6)^ xf^ Spec k 

i 

and in addition we prove that it induces an isomorphism after passing to the completion along its 
image. Note that the reduced subscheme of the Rapoport-Zink space for local P-shtukas is an affine 
Deligne-Lusztig variety; see |AH131 Theorem 4.13]. Thus as a consequence of the uniformization 
theorem one can relate the rational points (inside the Newton stratum given by the n-tuple LJ of 
the moduli stack of global ©-shtukas to the rational points of certain affine Deligne-Lusztig vari- 
eties. Let us add that similar uniformization results were previously obtained by Drinfeld |Dri76] 
who uniformized the moduli spaces of Drinfeld modules, by the second author |Har05] who uni- 
formized the moduli stacks of abelian r-sheaves, and by Hausberger |Hau05j who uniformized the 
moduli spaces of ^-elliptic sheaves. The analogous situation for Shimura varieties was developed 



by Cerednik Cer76 , Drinfeld |Dri76j . Rapoport and Zink |RZ96j . Boutot and Zink |BZ95j . Var- 



shavsky |Var98j . and Kudla and Rapoport |KR13| . 

1.1 Notation and Conventions 

Throughout this article we denote by 

Fg a finite field with q elements, 

C a smooth projective geometrically irreducible curve over Fg, 

Q := ¥g{C) the function field of C, 

V a closed point of C, also called a place of C, 

¥y the residue field at the place on C, 

Ajj the completion of the stalk Oc,u at 

Qy := ¥ia.c{A^) its fraction field, 

n G N>o a positive integer. 
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u := {i'i)i=i...n an n-tuple of closed points of C, 

A- := Hi/^i/ of integral adeles of C outside u, 

A|:=A^®Oc<3 the ring of adeles of C outside u, 

¥ a finite field containing Fg, 

Or := Speci?|2;] the spectrum of the ring of formal power series in z with coefficients in an 
F-algebra R, 

When i? = F we drop the subscript R from the notation of ID/j. 

For a formal scheme S we denote by Milpg the category of schemes over S on which an ideal of 
definition of 5 is locally nilpotent. We equip Afilpg with the etale topology. We also denote by 

Aj^ the completion of the local ring Oc",u of C" at the closed point u = {vi), 

Milpji^^^ := ■N'ilpspiA,, the category of schemes over C" on which the ideal defining the closed point 
y_ G C" is locally nilpotent, 

Milp^^QT^ the category of D-schemes S for which the image of z in Os is locally nilpo- 

tent. We denote the image of z by C since we need to distinguish it from 
z G Ob- 

a parahoric Bruhat-Tits group scheme over C ; see Definition 12.11 

¥y := ^ xc Specvlt/ the base change of to Spec^^, 
Py := X(7 SpecQu the generic fiber of ¥y over SpecQi/, 

P a smooth affine group scheme of finite type over D = SpecFjz], 

P := P xio) SpecF((z)) the generic fiber of P over SpecF((z)). 

Let S be an Fg-scheme. We denote hy as'- S ^ S its Fg-Probenius endomorphism which acts as 
the identity on the points of 5 and as the g-power map on the structure sheaf. Likewise we let 
as'- S ^ S he the F-Frobenius endomorphism of an F-scheme S- We set 

Cs := C xspccFq S, and 
a '-= id(7 xas- 

Let H he a sheaf of groups (for the etale topology) on a scheme X. In this article a (right) 
H-torsor (also called an H -bundle) on X is a sheaf Q for the etale topology on X together with a 
(right) action of the sheaf H such that G is isomorphic to on a etale covering of X - Here H is 
viewed as an i/-torsor by right multiplication. 

2 (25-Bundles 

Let ¥q be a finite field with q elements, let C be a smooth projective geometrically irreducible 
curve over ¥q, and let be a parahoric group scheme over C as in the following 

Definition 2.1. A smooth affine group scheme over C is called a parahoric (Bruhat-Tits) group 
scheme if 

(a) all geometric fibers of are connected and the generic fiber of is reductive over ¥q{C), 

(b) for any ramification point of (i.e. those points v of C, for which the fiber above v is not 
reductive) the group scheme Pj^ := 01, is a parahoric group scheme over A^, as defined by 
Bruhat and Tits |BT72[ Definition 5.2.6]; see also |HRn3] . 
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Proposition 2.2. (a) The parahoric group scheme (3 has a faithful representation p: & ^ 
GL(Vo) for a vector bundle Vq on C such that the quotient GL(Vo)/© is quasi-affine. 



(h) There is a representation p: <5 ^ GL(Vo) as in (a) together with an isomorphism a: A*°P 
Vo ^ Oc such that p factors through SL(Vo) := ker(det : GL(Vo) GL(A*°pVo)) and the 
quotient SL(Vo)/© is quasi-affine. 



(c) If all fibers of (5 over C are reductive then the quotients in (a) and \(b)\ are affine 



Proof, (a) For the existence of a faithful representation p: & ^ GL(Vo) with quasi-affine quotient 



we refer to [HeilOl Example(l), page 504]. 



(b) To pass to SL, we take a representation (3 ^ GL(Vo) as in (a) and we consider the representation 
(/9, A^^Pp""): & GL(V) where V := Vq A^^pVq. This representation factors through SL(V). It 
remains to show that SL(V)/© is quasi-affine. We use that the property of being (quasi-)affine is 
fpqc-local on the base by [EGA! Proposition 2.7.1]. Then SL(V)/ GL(Vo) is affine by Haboush's 
theorem |Hab781 Theorem 3.3]. Also the morphism SL(V)/0 — )■ SL(V)/GL(Vo) is quasi-affine 
because after base change to SL(V) it equals the projection (GL(Vo)/(5) Xc SL(V) SL(V). This 
proves |(b)[ 



(c) By |EGA1 II, Proposition 5.1.2] the question whether a quasi-affine morphism is affine can be 



tested fiber-wise. So (c) follows from Haboush's theorem [Hab78l Theorem 3.3] again. □ 



Definition 2.3. We let J^^{C,(5) denote the category fibered in groupoids over the category of 
Fg-schemes, such that the objects over S, Jif^{C, <5){S), are (25-torsors over Cs and morphisms are 
isomorphisms of ©-torsors. 

Theorem 2.4. Let <3 be a parahoric group scheme over the curve C. Then the stack J^^{C,<5) is 
a smooth Artin-stack locally of finite type overFq. It admits a covering by connected open substacks 
of finite type over ¥q . 

To prove the theorem we follow the argument of Behrend |Beh91j and thereby generalize his 
Propositions 4.4.4 and 4.4.1 and 4.4.5. 

Theorem 2.5. Let X be a projective scheme over a field k. Let V be a vector bundle over X 
and let p: t- GL(V) be a closed subgroup with quasi-affine quotient GL(V)/6. Then the natural 
morphism of k-stacks 

p^ : J^^ {X, (5) {X, GL(V)) 

is representable, quasi-affine and of finite presentation. 

Proof. Set Xs ■= X Xi^S. Let ps ■ Xs — > S be the projection map and view it as a morphism of big 
etale sites Et{Xs) — >■ Et(S'). For any scheme Y over Xs let ps*(y) denote the sheaf which sends 
an 5-scheme T to Romxs{XT,Y). Let ^ be a GL(V)-bundle in ^^(X, GL(V))(5). By jBehOli 
Proposition 4.2.3] we have the following 2-cartesian diagram of stacks 



Ps*iG/^s) > S 



Q 



(2.1) 



> ^i(X,GL(V)). 



(See the proof of Proposition l3.10l for more details on this diagram.) We must show that ps* (^/©s) 
is a quasi-affine S'-scheme of finite presentation. Note that Q j^s is a quasi-affine and quasi-compact 
X5-scheme and that Cg/gg is a sheaf of Oxg-algebras of finite presentation, because this may be 
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tested /pgc-locally on Xs by |EGAl IV2, Corollary 2.6.4 and Proposition 2.7.1], and over an etale 
covering C/— >■ Xs of Xs we can assume that Q is trivial and G/^s — (GL(V)/(S) xc U. Thus the 
theorem follows from the next lemma. □ 

Lemma 2.6. Let X be a projective scheme over a field k. Let p denote the structure morphism 
p: X — 7- Spec A;. Let S he a k-scheme and let f : X — )> Xs := X S be a quasi-affine, quasi- 
compact Xs-scheme such that Y := Spec/^Oj^ is of finite presenation over Xs- Then ps^X is a 
quasi-affine S -scheme of finite presentation. 

Proof. By [EGA! II, 5.1.2] the canonical morphism i: X is a quasi-compact open immersion. 
Since Y is of finite presentation over Xs and / is quasi-compact we may reduce to the case that 
S is of finite type over k and in particular noetherian. By [Beh91l Proposition 4.4.1] the sheaf 
:= PS*Y is representable by an affine S'-scheme of finite presentation. Consider the universal 
morphism Xj[ Y corresponding to id^ € A{A). Let Z ^ Xj[ be the complement of Xj[ Xy X 
in Xjx. By properness of X, Z maps to a closed subscheme of A. Let U denote the complement of 
Pa{^) ill A. It is a quasi-affine S'-scheme locally of finite presentation, and quasi-compact because 
we assumed that S and hence A are noetherian. 

We claim that lA represents To see this first observe that the open immersion Xu ^ 

Xjx Xy X gives a morphism Xu — > X which induces a ZY-point in {ps*X){h(). Hence it is enough 
to check that for any scheme T we have the inclusion {ps*X){T) C U{T). Any point of {ps*X){T) 
is a morphism Xt — )• X. Composing with i: X ^Y induces a T valued point a of A. We have 
to show that a: T ^ A factors through the open subscheme U. One can easily check this on the 
level of topological spaces. Namely, if T xj(Pa[Z) is non-empty then so is Xt xx^ Z, which is 
a contradiction, since Z is defined as the complement of Xy X in Xji^. This shows that 14 
represents ps*X. □ 

Proof of Theorem \2.4\ By Proposition 12. ^(a)] there is a closed embedding © ^ GL(V) with quasi- 
affine quotient GL(V)/©. Set r := rankV. The stack ^^(C, GL(V)) is isomorphic to the stack 
Vect^ whose S*- valued points parametrize locally free sheaves of rank r on Cs- By |LM00t Theoreme 
4.6.2.1] the stack Vecf^ is an Artin-stack locally of finite type over ¥q and by [WanlH Theo- 
rem 1.0.1] it admits a covering by connected open substacks of finite type over ¥q. (Note that even 
though [LMOOl Theoreme 4.6.2.1] states that VectQ is of finite type, all that is true and proved is 
that it is locally of finite type.) Therefore the same holds for J^^{C,e) by Theorem [231 Finally 
the smoothness of Jf^(C, 0) follows from the vanishing of the second cohomology of coherent 
sheaves on a curve; compare |Beh9H Corollary 4.5.2] or [WanlH §6]. □ 

3 Moduli Stacks of Global 6-Shtukas 

Definition 3.1. Let D be a proper closed subscheme of C. A D -level structure on a 0-bundle Q 
on Cs is a trivialization ijr. Q Xcg Ds (5 Xc Ds along Ds := D Xp^ S. Let J^j^{C, 6) denote 
the stack classifying ©-bundles with D-level structure, that is, J^j^{C, &) is the category fibred in 
groupoids over the category of IF^-schemes, which assigns to an F^-scheme S the category whose 
objects are 

Ob{jifMC,&){S)) := g G J^\C,<d)iS), 4^:gxcsDs^<3 Xc Ds] , 

and whose morphisms are those isomorphisms of ©-bundles that preserve the D-level structure. 

Definition 3.2. For each natural number n, let Heckeis,D,n be the stack fibered in groupoids over 
the category of F^-schemes, whose S valued points are tuples [{G, ip), {Q' , t/j'), si, . . . , s„, r) where 
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{g,tl;) and {g',tl;') are in J^j^{C,<5){S), 
si, . . . , G (C \ D){S) are sections, and 

r: t/u , is an isomorphism preservine the D-level structures, 

ICgvrs;^u...urs„ ICss,rsiU...uri,„ 

that is, ip' o T = ip. Here Tg^ C C5 denotes the graph of the section Sj. 

If D = we will drop it from the notation. Note that forgetting the isomorphism r defines a 
morphism 

Hecke&^D,n ^ ^d{C, ©) x ^(C, 6) x (C \ (3.2) 

Definition 3.3. Assume that we have two morphisms f,g: X Y of schemes or stacks. We denote 
by equi(/, g: X ^Y) the pull back of the diagonal under the morphism (/, g): X ^ Yx^Y, that is 
eqm{f,g: X ^Y) := X X(f^g)xxY,AY where A = Ay/z- ^ — >■ 5^ is the diagonal morphism. 

Definition 3.4. We define the moduli stack V„.y^(C, ©) of global &-shtukas with D-level structure 
to be the preimage in Hecke0^D,n of the graph of the Frobenius morphism on J^^{C, C5). In other 
words 

V„^(C, (5) := equi(fj^^(c,©) opri,pr2: Hecke0^D,n ^ J^d{C,(5)), 

where pvi are the projections to the first, respectively second factor in (j3.2p . Each object Q_ in 
06(V„J^^(C, (5){S)) is called a global (5-shtuka with D-level structure over S and the corresponding 
sections (si, . . . , Sn) are called the characteristic sections (or simply characteristics) of Q_, or of S. 

More explicitly a global (S-shtuka Q_ with D-level structure over an F^-scheme 5 is a tu- 
ple {g,ip, si, . . . , Sn,T) consisting of a ©-bundle G over Cs, a trivialization ^p■. Q Xqs Ds 
© X(7 Dsi an n-tuple of (characteristic) sections (si, . . . , s„) G (C \ D)"'{S), and an isomorphism 
t: cr*Q\cs-^Uirs^ Glcs-^UiFs^ with o t = cr*{'ip). If _D = we drop ip from Q_ and write 

Vn^^(C, 65) for the stacA; of global <3-shtukas. Sometimes we will fix the sections (si, . . . , Sn) G 
C^{S) and simply call g_ = (^,t) a global (5-shtuka over S. 

Global 65-shtukas can be viewed as function field analogs of abelian varieties. This inspires the 
following notions of quasi- isogenics. 

Definition 3.5. Consider a scheme S together with characteristic morphisms Sj : 5 — )• C for 
i = 1, . . . ,n and let Q_ = (^,r) and = {G' -.t') be two global ©-shtukas over S with the same 
characteristics Sj. A quasi-isogeny from Q_ to is an isomorphism /: Q\cs-^Ds G'lcs^Ds 
satisfying T'a*{f) = fr, where D is some effective divisor on C. We denote the group of quasi- 
isogenies from Q_ to itself by QIsog5(0. 

In order to obtain algebraic substacks of finite type of Heckcig^n and Vn=^^(C, ©) one has to 
bound the relative position of Q and Q' under the isomorphism r. For the rest of this section we 
fix a faithful representation p: (5 ^ SL(Vo) C GL(Vo), for some vector bundle Vq of rank r, with 
quasi-affine quotient SL(Vo)/S5 as in Proposition 12. ^fb)] 

Remark 3.6. We consider the induced morphisms of stacks 

JT^C, 6) J^\C, SL(Vo)) ^ ^i(C, GL(Vo)) Vecf^ 

Q I p.Q I V(p*g). 

Here Vect^ is the stack whose S*- valued points parameterize rank r vector bundles on Cs- Since 
p factors through SL(Vo) there is a canonical isomorphism ag : A^' V(p*t?) ^Cs- Conversely, 
every pair (V, a) where V is a rank r vector bundle on Cs and a: A** V is an isomorphism 

is induced from an SL(Vo)-torsor over Cs- 
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Definition 3.7. Keep the notations of Remark 13.61 We define the relative affine Grassmannian 
G'''&,n,r over ^(C, <3) xjr^ C" which parametrizes tuples {Q, V , a' ,si, . . . , Sn, where 

a': V' Ocs is an isomorphism and (p: V(/9*t/)|cs\urs- V'|cs\urs. is an isomorphism 
between the vector bundle V{p^Q) associated with p^,Q and V' outside the graphs UiFs^ such 
that ag = a' o A'''ip on Cs \ ur^.. In particular A^ip = ° (^G extends to an isomorphism 

AV: a'' V(/9*^) ^ A'''V' on all of Cs- If SI' is the SL(Vo)-torsor associated with {V',a') then (/? 
induces an isomorphism ip: p^,g\cs•^u^s^ Sl'\cs■^u^s^■ 

Note that the morphism yields a morphism Hecke^^n Sr0^n,r, sending [3,0', {si)i,T) to 
the tuple V(p*t/'), ag', (sj)j, V(p*t)) where agi : A*" V(p*t/') is the canonical isomor- 

phism induced from the fact that p factors through SL(Vo)- 

Let oj := {u}i)i=i,„n be an n-tuple of coweights of SL^ given as x diag(a;'^*'i , ■ ■ ■ , x^'''"'') for 
integers Wj^i > . . . > oji^r with Wj^i + . . . +uJi^r = 0. (The inequality means that all coi are dominant 
with respect to the Borel subgroup of upper triangular matrices.) Let Q't^^ denote the substack 
of Sr is,n,r defined by the condition that the universal isomorphism funiv is bounded by lo, that is 

Acs (Acs "'^') (Ej(-^i,r-i+l - • • • -^^i,r)-rsi) (3.3) 

for all 1 < J < r with equality for j = r 

where the notation (A;^^V') (X]j(— t^j^r-j+i — ... — coi^r) ■ L^J means that we allow poles of order 
—uji^r-j+i — ... — Wi,r along the Cartier divisor F^. on Cs', compare [HVIH Lemma 4.3]. Note 
that the condition for j = r is equivalent to the requirement that A^(p is an isomorphism on 
all of Cs, which in turn is equivalent to the condition that ag = a' o A^'^p for an isomorphism 
a': A*" V ^ Ocs- By Cramer's rule (e.g. \Bon70\ III.8.6, Formulas (21) and (22)]) condition (lO]) 
is equivalent to 

Acs ^uLiy) C (A'cs nP*Guniv)) + ■■■+ ^^,J)■'^s,) (3.4) 

for all 1 < J < r with equality for j = r 

Again the condition for j = r is equivalent to the condition that ag = a' o K^p for an isomorphism 
a': A^V'^Ocs- 

Proposition 3.8. The relative affine Grassmannian Qr^^j. is relatively representable by a projec- 
tive morphism over J^^{C, &) Xjr^ C". 

Proof. We look at the fiber of Gr^ ^ ^. Jif^{C, <5) Xp^ C" over an 5- valued point {G,si, . . . , s„) 
in (J^i(C7,6) xf, C7")(S). Then dS]) and ^ imply that V(p*g)(Ei Wi,rF,J/v7-i(V') must be 
a quotient of the sheaf 

■■= v(p*g)(E.w^,rr.J/v(p.g)(E.^^,r-r,j 

on the effective relative Cartier divisor X := X]j((^j,i — i^i.r) • T^. . Note that X is a finite 
flat 5-scheme. From the case j = r in (j3.3p and p.4p we also obtain the isomorphism a' := 
ag o {A'^Lp)~^: A^' V' C'cs- Therefore Gr^^n,r ^(Jf H<^:<5)xf,C") S is represented by a closed 
subscheme of Grothendieck's Quot-scheme Quot^^-^^g, see |FGA1 n°221, Theoreme 3.1] or [AKSOt 
Theorem 2.6], for constant Hilbert polynomial <I> = r • X^jWj^i; compare |HH131 p. 5]. □ 
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Definition 3.9. The stack Hecke^^ is defined by the cartesian diagram 

Hecke%^^ > Sr^,n,r 

Proposition 3.10. Let p: ^ SL(Vo) he a faithful representation as above with quasi-affine 
(resp. affine) quotient SL(Vo)/(5. Then the morphism Hecke^^n — )> Gr0 n,r is represented by a 
locally closed and quasi-compact (resp. a closed) immersion. In particular, the stack Hecke^^ is 
relatively representable over Jif^{C,(5) x^^ C" by a quasi-compact quasi-projective morphism, and 
even a projective morphism if there is a representation p with affine quotient SL(Vo)/©. 

Proof. Note that for any SL(Vo)-torsor SI over a C-scheme U there is an isomorphism of stacks 

[C/©] Xp„[c/SL(Vo)],5; U^Sl/'a 

where [C/0] denotes the stack classifying 6-torsors over C-schemes. This isomorphism was already 
used in diagram ()2.ip for GL(V) instead of SL(Vo). It is given as follows. Let (7 be a (5-torsor 
over a i7-scheme T and let ip: p^Q SIt be an isomorphism of SL(Vo)-torsors over T. We 
choose an etale covering T' ^ T and a trivialization a: &t' Qt'- We consider the induced 
trivialization p^,a: SL(Vo)t' P*Gt' and let l^' € SL(Vo)(T") be the identity section. Then the 
section ^ o p^a{lT') S {Sl/<3){T') descends to a section in {Sl/&)(T) which is independent of our 
choices. 

We now consider a morphism S )■ ^^^ig^n^r given by a tuple {^Q, V', q , s^, . . . , s^, if) over a scheme 
S. We let SV be the SL(Vo)-torsor associated with the pair (V',a') by Remark 13.61 arid we let 
^: P*^|csxur3- ^/'IcgvuFs- be the isomorphism induced by (p. By the above, the pair {Q,^p) 
defines a section x G (SI' /&){Cs \ UF^.). Since Sl'/& is (quasi-)affine over Cs, there exists by 
Lemma 13.111 below a (locally) closed (and quasi-compact) immersion S' ^ S such that x extends 
over S' to a section x' G (SI' /&){Cs')- Again the section x' corresponds to a (5-torsor Q' over 
Cs' and an isomorphism ip: p^Q' SI' of SL(Vo)-torsors over Cs'. The equality of sections 
2;|cs,xur«. = x'\cg,■^u^,^ induces an isomorphism r: ^Icg/xur,. ^ ^'Icg/xur,, with p^r = ip~'^(p. 
Therefore S' represents the fiber product Heckcig^n Xgr©„r This implies that the morphism 
Heckeis,n ^^«,n,r is represented by a (locally) closed (quasi-compact) immersion. Finally the 
(quasi-)projectivity of Hecke^^ follows from Proposition 13. 8[ □ 

Lemma 3.11. Let Y be a (quasi-) affine scheme over Cs- Let D be an effective relative Cartier 
divisor on Cs over S and set U := Cs \ -D. Let x: U —^Ybea section. Then the question whether 
X extends to a section x' : Cs -^Y is representable by a (locally) closed (quasi- compact) immersion 
into S. 

Proof. We first assume that Y is affine over Cs- The question is local on S. So we can assume that 
S is affine and that there is an affine open subset Spec^ C Cs containing D. Then Y xq^ Spec A 
is affine, say of the form Speci?. Let I C Ahe the invertible ideal defining D. Then the section x 
corresponds to an A-morphism x* : B ^ F(Spec A \ D, Ocg)- For each element h ^ B there is a 
positive integer such that Jh := x*{b) ■ J™*' C A. The section x extends to a section x' : Cs — ?> Y 
if and only if x*{B) <Z A <Z F(Spec A \ D, Oc^)- Since / is an invertible ideal this is the case if and 
only if Jfo C I™''' for all b B, that is, if and only if the image of Jb in A/I"^'' is zero for all b B. 
Now A/P"''' is the structure sheaf of the relative Cartier divisor mi, ■ D. Since mi, ■ D is finite flat 
over S the O^-module A/I^'' is finite locally free. Therefore the vanishing of the image of Jb in 
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A/I"^^ is represented by a closed subscheme of S by [EGA! Oncw, Proposition 5.5.1]. This proves 
the lemma when Y is affine over Cs- 

If Y is quasi-affine let vr: y — > Cs be the structure morphism and set Y := Spec Tr^^Oy. 

Then y 1" is a quasi-compact open subscheme by [EGAl II, Proposition 5.1.2(b)] and hence the 
complement 1" \ 1" is a finitely presented closed subscheme of Y. By the above there is a closed 
subscheme S' of S over which the section x £ Y(U) extends to a section x' G Y{Cs')- The preimage 
Z := {x')~^{Y \ y) is a finitely presented closed subscheme of Cs' and its image in S' is finitely 
presented and closed. Let S" be the complement of this image. Then S" ^ S is a quasi-compact 
open immersion, and S" represents the question whether x extends to a section x" G Y{Cs)- Q 

Definition 3.12. We denote by V^J^^{C,&) the pull back of Hecke^^ under the morphism 
V„jri(C7, 0) ^ Hecke<s,n- We also denote by V^J^(C, 6) the puh back of V%Ji^^{C, (S) under 
the (forgetful) morphism' V„Jf^(C, 0) ^ VnJ^^{C,&). 

We want to prove that the stack V„^(C, 6) is an ind-algebraic stack. We do not intend to 
give a general treatment of ind-algebraic stacks here. We just make the following tentative 

Definition 3.13. Let T be a scheme. 

(a) By an inductive system of algebraic stacks over T we mean an inductive system {Ca,iab) 
indexed by a countable directed set /, such that each Ca is an algebraic Artin-stack over T 
and iab : ^ is a closed immersion of stacks for all a < 6 in /. 

(b) A stack C over T is an ind-algebraic T-stack if there is an inductive system of algebraic stacks 
{Cajiab) over T together with morphisms ja : Ca ^ C satisfying jb°iab = 3a for all a < b, such 
that for all quasi-compact T-schemes S and all objects c G C{S) there is an a G /, an object 
Ca € Ca{S) and an isomorphism ja{ca) = c in C In this case we say that C is the inductive 
limit of {Ca,iab) and we write C = limCa. 

(c) If in |(b)| all Ca are locally of finite type (resp. separated) over T we say that C is locally of 
ind-finite type (resp. separated) over T. 

Theorem 3.14. Let D be a proper closed subscheme of C . The stack S/%Jifj^{C,<5) is a Deligne- 
Mumford stack locally of finite type and separated over (C \ Z))". It is relatively representable over 
Jif^{C,<5) xjr^ (C \ Z?)" by a separated morphism of finite type. In particular V„=^^(C, (5) = 
lim V^=^^(C, (5) is an ind-algebraic stack over (C \ D)" which is ind-separated and locally of ind- 
finite type. The forgetful morphism VnJ^j^{C,&) — )■ S/nJ^^{C,&) x^n {C \ D)" is surjective and 
a torsor under the finite group &{D). 

Proof We first show that V„^(C, &) V„^i(C, &) x^n (C \ £))" is a torsor under the finite 
group <5{D), which we consider as an etale group scheme &{D) over SpecF^. Indeed, the product 
V„Jf^(C,6) xv„^i(c,0) V„jr^(C,0) classifies data [G , T, Sl, . . . , Sjii ■01, "02) over Fq-schemes S 
where tpi are two D-level structures on the global ©-shtuka (^, r, si, . . . , s„). This means that 
■01- ® Ds is an isomorphism of torsors with tpi o t = a*{ipi). In particular, 

ipi'4'2 an automorphism of © xc Ds given by left translation with an element g G (5{Ds)- Since 
i/j^ip-^ = a*{'il^ii{j2^) we have g = a*{g) G (3{D) {S). This shows that Vn^^MC,^) Xv„.^i(C,e) 
V„^^(C,0) ^ ©p) XF, V„jroi(C,0). 

To show that the forgetful morphism is surjective we may assume that S is the spectrum of 
an algebraically closed field k and that we have a global 0-shtuka G_ G V„=^^(C, ©)(A;) whose 
characteristic morphism S — > C" factors through (C \ D)". The latter implies that r is an 
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isomorphism r: a*{Q Ds) G ^Cs ^s- Since Ds has no non-trivial etale coverings and 
Q is smooth there exists a trivialization ip: Q Xcg Ds & xc Ds- We want to modify it by 
multiplying with an element of g G &{Ds) to -0 := gip such that i/jt = a*{Tp), that is g~^cr*{g) = 
'iljTa*{'4j)~'^ € &{Ds)- By applying Lang's Theorem |Lan56l Corollary on p. 557] to the Weil 
restriction 'Kes£,i^^{& xc D) such an element g exists. This proves the surjectivity. It follows that 
Vn=^^(C, 0) V„Jf ^(C, 6) xc-" (C \ D)"^ is relatively representable by a finite etale surjective 
morphism. 

To prove that the stack Vn=^^(C, &) is algebraic we observe that the morphism Vn=^"'^(C, ©) — )> 
Hecke^ ^ is representable, separated and of finite type, because it arises by base change from the di- 
agonal morphism Aj^i(^c,&) /F, '■ J^^{C, 0) — > Jif^{C, 6) Xf,^^(C, (5). The latter is representable, 
separated and of finite type by [LMOOl Lemma 4.2], because J^^{C, (S) is algebraic (Theorem 12. 4p . 
Since Hecke^ ^ is quasi-projective and quasi-compact over Jif^{C, (5) Xf, C" by Proposition 13.101 
it follows that V^J^(C, (5) is relatively representable over J^^{C, &) Xf, (C \ D)" by a separated 
morphism of finite type. In particular it is an Artin stack locally of finite type over (C \ D)". 

We prove that Vh"^^(C, 0) is Deligne-Mumford and separated over C". This means that 
the diagonal morphism A: Vfjfi(C,(S) — > V^J^'^{C,(S) Xc- Vfjf'i(C,0) is unramified and 
proper; see [LMOOl Theoreme 8.1 and Definition 7.6]. By the algebraicity of V%J^^{C, &) over 
the diagonal A is already relatively representable by algebraic spaces, separated and of finite type; 
see [LMOOl Lemme 4.2]. Consider an 5- valued point of Vf^i(C,0) xc- Vfjf i(C,6) given by 
two global 0-shtukas Q_ and over a C"-scheme S. The base change of A to 5 is represented by 
the algebraic space Isom q(Q_,Ql). Being unramified means that whenever S is affine and S C S 
is a closed subscheme defined by a nilpotent ideal, then every isomorphism between Q_g and Q^g 
over S comes from at most one isomorphism between Q_ and over S. Since an isomorphism is a 
quasi-isogeny this follows from the rigidity of quasi-isogenies |AH13( Proposition 5.9]. 

To prove that \/%J^^{C, (5) is separated over C" we use Proposition 12.21 to choose a represen- 
tation p : <3 ^ GL(V) as in Theorem 12.51 and consider the commutative diagram 

V^Jif^C, 6) V^J^HC, GL(V)) 

w 1 r 

Jif\C, 0) XF, J^\C, GL(V)) XF, . 

The vertical morphisms and the lower horizontal morphism are separated by what we have proved 
above and by Theorem 12.51 By |LM00l Remarque 7.8.1(3)] also the upper horizontal morphism 
is separated, and it suffices to prove the statement for & = GL(V). We use the equivalence 
Jif^{C, GL(V)) VectQ from Remark 13.61 under which Q_ corresponds to a pair (M, r) consisting 
of a locally free sheaf M of rank r on Cs and an isomorphism r : a*M M on C^xT^^ U . . . U F^^. 
Similarly corresponds to the pair {M',t'). We now use the valuative criterion for properness 
[LMOOl Theoreme 7.10] to show that Isom g((M, t), {M't')) is proper over S. We may assume that 
S is the spectrum of a discrete valuation ring R with fraction field K, uniformizer vr, and residue 
field k. Let /: Mk M'^ with r' o a* f = / o r be an isomorphism over Ck- We view / and 
its inverse as sections over Ck of the locally free sheaves M' ® and M [M'Y . We have to 
show that both extend to C/j. The local ring Ocu^-q at the generic point r] of the special fiber Ck 
is a discrete valuation ring with uniformizer vr. It suffices to extend / to Ocu^r^-, because then / 
is defined on an open set whose complement has codimension 2, and therefore / extends to all of 
Cr by |Eis951 Discussion after Corollary 11.4]. To extend / to Ocji,ri we choose bases of and 
and write / = vr^/o with an r x r matrix /o G {OcR,r)Y^^ \ {''^^CR,riY^^ ■ Now the equation 
Jqt = t'^^* f = 7r''"*T'(j*/o shows that m must be zero, because r and r' belong to GLr{Ocji,r])- 
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To prove that Vn=^^(C, ©) is an ind-algebraic stack, we consider the countable set of n-tuples 
a; = (wi, . . . , w„) of coweights of SL,, which are dominant with respect to the Borel subgroup of 
upper triangular matrices. We make this set into a directed set by equipping it with the partial 
order w ^ w' whenever coi ^ ui'^ for all i in the Bruhat order, that is lo'^ — cjj is a positive linear 
combination of positive coroots. When w runs through this directed set, the S/^Jifj^{C, 6) form an 
inductive system of algebraic stacks which are separated and locally of finite type over {C \ D)". 
Indeed, we have to show that V^J^j^{C,(5) — ?• V^.y^(C, ©) is a closed immersion for lo ^ u/. 
This follows from the fact that condition (|3.3|) for a; on Gr^ nr equivalent to the vanishing of 
the image of /\:^^ ^univ{V{p>fQuniv)) inside the locally free sheaf 

Cs i Cs i 

on Gr^ ^ Therefore condition (j3.3p defines a closed immersion Gr^ n r ^ n r |EGA1 Onewj 
Proposition 5.5.1]. 

We prove that VnJfg(C, ©) = lim V^J^(C, 6). For this purpose let (^, si, . . . , r) be a 

global 6-shtuka in Vn^^oiC, ^){S) for a quasi-compact scheme S and let {Q, V', a', si, . . . , s„, ip) G 
QTis>,n,r{S) be the induced 5- valued point of Gris,^n,r- Since S is quasi-compact there are integers 
iVj > with Lp{V{p^g)) C ViTji^i-^si)- We set Wjj := -A^i for i = 1, . . . , n and j = 2, . . . , r and 
'^i.i := {f — l)Aj. Then the tuple {Q^ V', a', si, . . . , s„, (/?) satisfies condition ()3.3|) . It follows that 
(^, Si, . . . , s„, r) € V^J^(C, (5) (5) and the theorem is proved. □ 

In the course of the proof we have established the following corollary which we formulate for 
later reference. 

Corollary 3.15. Let Q_ and he global (8-shtukas of the same characteristic over an Wg-scheme 
S. Then the sheaf of sets on Sjpqc given by ]somg{G_,G^) : T i— )• Isomr(^j,,^^) is representable by a 
scheme which is finite and unramified over S. In particuclar the group of automorphisms Aut5(^) 
of Q_ is finite. 

Proof. We have seen in the proof of Theorem 13.141 that Isom y (G_,G^) is an algebraic space which 
is unramified and proper over S. In particular it is finite and affine over S and hence a scheme; 
compare [LMOOl Lemma 4.2]. □ 

Remark 3.16. Our definition and moduli spaces for global ©-shtukas generalize Varshavsky's 
|Var04j moduli stacks FBun, which in turn are a generalization of the moduli spaces of F-sheaves 
FShu^r considered by Drinfeld |Dri87] and Lafforgue |Laf02| in their proof of the Langlands corre- 
spondence for & = GL2 (resp. <5 = GL^). Namely Varshavsky considers the situation where G is a 
split reductive group over ¥q and © = G xjr^^ C is constant. Let T be a maximal split torus in G and 
let A be a finite generating system of the monoid of dominant weights X*{T)dorm dominant with 
respect to the choice of a Borel subgroup B <Z G containing T. Let B be the opposite Borel. For all 
A € A let V\ := (lnd^(— A)dom)^ be the Weyl module of highest weight A and set V := 0;)^gA 
The representation p: G GL{V) ^ SL{V A^°W) is faithful by [HVlll Proposition 3.14] 
and we take it as the representation fixed before Remark 13.61 Varshavsky considers an n-tuple of 
dominant coweights lo = (wi, . . . , ujn) of G and the induced coweights pio = {p o ui, . . . , p o a;„) of 
SL(y©A*°Py^). Then his stack FSunz)^ n^oj, see |Var041 Proposition 2.16] coincides with our stack 
Vn~J^(C, The stack FShn^j. of Drinfeld and Lafforgue is obtained by taking G = GL^, n = 2 
and wi = (1, 0, . . . , 0) and a;2 = (0, . . . , 0, —1), and using the correspondence between GL^-torsors 
and locally free sheaves of rank r; see Remark 13.61 
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Varshavsky's moduli stacks were further generahzed by Ngo and Ngo Dac |NN08j who droped 
the assumption that is constant and allowed © to be a smooth group scheme over C all of 
whose fibers are reductive. Other variants considered before include the moduli spaces SMc^^j of 
^-elliptic sheaves of Laumon, Rapoport and Stuhler |LRS93j who take as the group of units in 
a maximal order ^ of a central division algebra over Q, and the moduli spaces Ab-Sh^^ of abelian 
r-sheaves of the second author |Har05j . who takes = GL^, n = 2 and oji = (d, 0, ... ,0) and 
0)2 = (0, ... ,0, —d). Both |LRS93j and |Har05j require in addition that the characteristic section 
S2 - S ^ C factors through a fixed place oo G C and that the associated local GL^-shtuka at oo is 
isoclinic in the sense of jHarOS] . that is, basic in the sense of [HVll] . 

4 Loop Groups and Local P-Shtukas 

In this section we let P be a smooth afhne group scheme over D := Spec F|2;] . We let B := Spec F((2;)) 
and P := P XpB be the generic fiber of P. We are mainly interested in the situation where we have 
an isomorphism D = Spec^jy for a place of C and where P = P^/ := XcSpecAi^. In this case P 
is even a parahoric group scheme over D := SpecF|z]] in the sense of |BT721 Definition 5.2.6], see 
also |HR03j . and P is a reductive group over F((2;)). 

The group of positive loops associated with P is the infinite dimensional affine group scheme 
L'^P over F whose i?-valued points for an F-algebra R are 

L+F{R) := P(PH) := F{Bn) := Homo(B^j,P) . 

The group of loops associated with P is the /pgc-sheaf of groups LP over F whose P-valued points 
for an F-algebra R are 

LP{R) := P{R{{z))) := P(B^) := Hom^(BR,P) , 

where we write R{{z)) := PH[^] and B/f^ := Spec R{{z)). Let ^^SpecF, L+P) := [SpecF/L+P] 
(resp. Jf^(SpecF, LP) := [SpecF/LP]) denote the classifying space of L+P-torsors (resp. LP- 
torsors). It is a stack fibered in groupoids over the category of F-schemes S whose category 
J^"^(SpecF, L"'~P)(S') consists of all L+F-torsors (resp. LP-torsors) on S. The inclusion of sheaves 
L+P C LP gives rise to the natural 1-morphism 

L : Jf^ (Spec F, L+P) J^^ (Spec F, LP) , C+ ^ C . (4.5) 

Definition 4.1. Let S € -^UpwiQ l^t a := as be the F-Frobenius of S. A local F-shtuka over 

5 € Milp^^Q is a pair C = (£+,f) consisting of an L+P-torsor on 5 and an isomorphism of 
the associated loop group torsors f : a*C — )• C from (j4.5p . A local P-shtuka (£+,f) is called etale 
if f comes from an isomorphism of L+P-torsors a*C^ £+. We denote the stack fibered in 
groupoids over Milp^^Q which classifies local P-shtukas by Sht^. 

Definition 4.2. A quasi-isogeny f : C ^ C' between two local P-shtukas C := (£+,f) and C' := 
{C'^,f') over S is an isomorphism of the associated LP-torsors f : C ^ C satisfying /of = f'oa* f. 
We denote by QIsog5'(^, £') the set of quasi-isogenies between £ and £' over S, and we write 
QIsog5'(£) := QIsog5'(£, £) for the quasi-isogeny group of £. 

As in the theory of p-divisible groups, also our quasi-isogenies are rigid; see |AII131 Proposi- 
tion 2.11]. Moreover, local P-shtukas possess moduli spaces in the following sense. For a scheme S 
in Milp^^Q let S denote the closed subscheme ^siC) ^ S. On the other hand for a scheme T over 
F we set T := T XgpecF Spf F|C]]. Then T is a ^-adic formal scheme with underlying topological 
space T = V^(C). 
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Definition 4.3. With a given local P-shtuka over an F-scheme T we associate the functor 

Mcg '■ ■^'ilPf ■Sets 

S I— 7- I Isomorphism classes of (£, 6) : where ^ is a local P-shtuka 
over S and 5 : Cg Cq g is a quasi- isogeny over S}. 

Here we say that (C, 6) and (£', 5') are isomorphic if o 5' lifts to an isomorphism C' — > £. The 
group Qlsogf (£o) of quasi-isogenies of Cq acts on the functor M r^ via g: {C,6) i-^ {C,g o 6) for 
g G QIsog5^(£o)- 

We proved in |AH131 Theorem 4.4] that M_Cq representable by an ind-scheme, called an 
unbounded Rapoport-Zink space. For this recall that the affine flag variety J-ip is defined to be the 
fpqc-sheaf associated with the presheaf 

R ^ LP{R)/L+F{R) = F {R{{z))) /F (Rlzj) 

on the category of F- algebras. It is represented by an ind-scheme which is ind-quasi-projective over 
F, and hence ind-separated and of ind-finite type over F; see |PR081 Theorem 1.4]. Viewing the 
formal scheme T = T Spf F[^] as the ind-scheme limT X]f SpecF[<^]/(<^™) we may form the fiber 

product TiT^f := Tl^ xirT in the category of ind-schemes (see |BDt 7.11.1]). 

Theorem 4.4. The functor Mr^^ from Definition \4.3\ is represented by an ind-scheme, ind-quasi- 
projective over T = T Xf Spf F|C], hence ind-separated and of ind-finite type over T. 

(a) If Cq is trivialized by an isomorphism a : Cq [{L^F)f,ba*^ with b € LP{T) then M.Cq 
is represented by the ind-scheme Ti^f := TH.^ Xp^- 

(b) IfF is reductive (or more generally if Tip is ind-projective overF) then A4^^ is ind-projective 
over T. 

If one in addition imposes a boundedness condition on the Hodge polygon of the local F-shtukas, 
and assumes T = Spec A: for a field k, then one even obtains a formal scheme locally formally of 
finite type over Spffe|Cl. Here a formal scheme over Spf/cjCl iii the sense of jEGAl Inew, 10] is 
called locally formally of finite type if it is locally noetherian and adic and its reduced subscheme 
is locally of finite type over k. We recall the following definition from |AH131 Definition 4.5]. 

Definition 4.5. We define a hound to be a closed ind-subscheme Z of Flf := /"^p xf Spf F|C] 
which is stable under the left L^P-action, such that Z := Z Xgpf js-j^^ji SpecF is a quasi-compact 
subscheme of Tip. 

Let >C+ and C'_^ be L"^P-torsors over a scheme S in Afilp^^Q and let 6: C C be an isomor- 
phism of the associated LP-torsors. We consider an etale covering S' ^ S over which trivializations 
a : C+ {L~^F)gi and a' : C'_^ {L^F)gi exist. Then the automorphism a' o 5 o of {LP)gi 
corresponds to a morphism S' LP. We say that 5 is bounded by Z if for (some) any such 
trivialization the induced morphism S' — )■ LP — ?■ J^ip factors through Z. By the L+P-invariance 
of Z the definition is independent of the trivializations. Furthermore we say that a local P-shtuka 
(>C+,f) is bounded by Z if the isomorphism f is bounded by Z. 

Proposition 4.6. Let and C'j^ he L^F-torsors over a scheme S G Afilpp^Q and let 5: C C 
be an isomorphism of the associated LP-torsors. Let Z be a bound. Then the condition that 6 is 
bounded by Z is represented by a closed subscheme of S. 
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Proof. As in Definition 14.51 consider trivializations of and C'_^ over an etale covering S' S 
and the induced morphism S' — )• LP — )• J^i^. By the L"'"P-invariance of Z the closed subscheme 
5' >< of S' descends to a closed subscheme of S which represents the boundedness of S by 

Z. □ 

To formulate the pro-represtentability in the bounded case we consider the following important 
special situation. Let T = Specfc and let Lg = {L~^¥,ba*) be a trivialized local P-shtuka over 
Spec A;. Assume that b is decent with integer s in the sense of |AH13l Equation (4.3)], and let 
e C be the finite field extension of F of degree s. Then b G LP{e) by |AH13[ Remark 4.10]. 
So Lq is defined over T = Sped and we may replace k by i. Then Mj,^ is defined over Spf^[C]. 
Notice that if k is algebraically closed any local P-shtuka over k is trivial and decent by |AH131 
Remark 4.10]. 

Theorem 4.7. The functor 

MI^: {MlpeiaT Sets 

S I — > I Isomorphism classes of {C, 6) G Ad.h^iS) ■ C is bounded by z| 

is pro-representable by a formal scheme over Spf^jCl which is locally formally of finite type. It is 
called a bounded Rapoport-Zink space for local P-shtukas. 

Remark 4.8. The group QIsog^(Lo) of quasi-isogenies of Lg acts on AIlq 9 '■ (£' ^) (^■^ 9°^) 
for g G QIsog^(Lo)- Following [AH131 Remark 4.11] we denote this group by Jb(¥{lz))). 



5 Unbounded Uniformization 

Analogously to the functor which assigns to an abelian variety A over a Z^-scheme its p-divisible 
group ^[p°°] we introduced in |AH13l Section 5.2] a global-local functor which assigns to a global 6- 
shtuka an n-tuple of local P^--shtukas. The reason for the n-tuple is that our global ©-shtukas have 
n characteristic places, whereas abelian varieties only have one characteristic place. We consider 
the following situation. 

Definition 5.1. Fix a tuple := {vi)i=i...n of places on C with vi ^ Vj for i ^ j. Let Ay be the 
completion of the local ring Oc^^y of at the closed point v_, and let Fjy be the residue field of the 
point v_. Then F^, is the compositum of the fields F^,. inside Fg'^, and Ay_ = W^lQi, . . . , where Ci 
is a uniformizing parameter of C at fj. Let the stack 

Vn^HC^,^)- := V„jri(C,6) xc"Spf^, 

be the formal completion of the ind-algebraic stack VnJ^^(C, ©) along v_ G C". It is an ind- 
algebraic stack over Spf Ay which is ind-separated and locally of ind-finite type by Theorem 13.141 

The global-local functor fy^ : V„=^i(C, G)^(S') ^ Sht^^J'' "^"^ {S) from |AH13[ Definition 5.4] as- 
signs to ^ its local P,y.-shtuka r,y.(0 at Vi. The global-local functor T_ := Hi -l^i^i • V„J^"'^(C, — > 
WiSh'^J^'^"^ {S) assigns to Q_ the n-tuple {j^vi{Q}\- Both functors also transform quasi-isogenies 
into quasi-isogenies. 

Note that at a place v outside the characteristic places Vi we also associated with Q_ an etale 
local Pi,-shtuka in |AH131 Remark 5.6]. Here ¥y = Res^^/^^ fy is the Weil restriction. We 

proved the following result in |AH131 Proposition 5.7 and Remark 5.8]. 
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Proposition 5.2. Let Q G V„,Jfi(C, 6)^^(5) be a global <S-shtuka over S and let i/ £ C be a 
place. If y £ E. consider a quasi-isogeny of local 'S'^-shtukas f : Cl^ — )• Vy{^. If v ^ y_ consider a 
quasi-isogeny of local F^-shtukas f '■ Qlv ^ ^tiQ) '^'^'^ assume that is etale. Then there exists a 
unique global &-shtuka G Vn=^^(C, 0)-(5) and a unique quasi-isogeny g: Q[ ^ Q_ which is the 
identity outside v, such that the local Vy-shtuka (resp. Ty-shtuka) associated with is £/y and the 
quasi-isogeny of local ¥y-shtukas (resp. F^-shtukas) induced by g is f . We denote by f*Q_. 

As we shall see in the next theorem, the unbounded Rapoport-Zink space appears as the 
uniformization space for V„^^(C, ©). We retain the notation of Definition 15.11 

Theorem 5.3. Let T be a scheme over S'pecAy/{C,i, . . . ,Cn); ond let be a global <3-shtuka in 
V nJ^^ {C , &)-{T) . Let {Cj)i := 11{Q_q) where T is the global-local functor from Definition \5.1[ 
Consider the unbounded Rapoport-Zink spaces Mr which are ind-quasi-projective ind-schemes 
over T xjF,^ Spf A^. by Theorem \4-4\ ^-nd the product Hi Al^. •= Ale 

f M. Q which is an 

ind-quasi-projective ind-scheme over T := T Xf^Spi A^. Then there is a natural morphism of 
ind-algebraic stacks over T 

i 

which is ind-proper and formally etale. 

Proof. By rigidity of quasi-isogenies |AH13l Proposition 2.11] the functor is naturally iso- 

morphic to the functor 

S ^ {isomorphism classes of (£, 5) : where ^ is a local P-shtuka 
over S and 5 : Cg — )■ £q 5 is a quasi-isogeny over S"} . 

Let 5 — > T be a T-scheme. In particular via the morphism 5 ^ T — )■ T Xf_^ Spf Fj^J^j] = 
Txf^. Spi Ay- the scheme S lies in Milpf^^ SpfA^.- si: S ^ Spf^i^- — > C be the induced 

characteristic morphism. Take an element {{£li),5i)^ of ]^ ■ M/^ (S) and the global ©-shtuka 51G_q 5 

from Proposition 15.21 Since ^ Vj for i ^ j the local P,y.-shtuka ^Uii^iOj^fg) equals for i > 2. 
We may therefore iterate this procedure for i = 2, . . . , Ji to obtain a global 0-shtuka 5* o . . . o 5*£g g 
in V„jri(C7, (5)^S). It satisfies f^,(5* o . . . o 610 ^ g) = Sending ((^9, 5^) . to (5* o . . . o dlGj^ g 
establishes the morphism ^g^- 

That the morphism is formally etale is just another way of phrasing the rigidity of quasi- 
isogenies. We give more details. Let Q_ be an 5'-valued point of VnJ^^{C,&)-x^^T. Let S 
be a closed subscheme of S defined by a locally nilpotent sheaf of ideals. Further assume that 
9.S ~ ° ■ ■ ■ ° ^19.0 s quasi-isogenies : ^uiiQ_§) i^i)s above, defined over S. Now 
these quasi-isogenies lift uniquely to quasi-isogenies 5j : Ty^{G_) {Ci)s over S by rigidity |AH131 
Proposition 2.11]. The S'-valued point 5*o. . .oS^Qj^ ^ of V„^^(C, is equal to Q_ by construction. 

It remains to verify that is ind-proper. Since Hi Al£- is of ind-finite type over T we can 
test the ind-properness of ^g^ by the valuative criterion of properness; see |LM001 Theorem 7.3]. 
Let i? be a strictly henselian valuation ring with fraction field L. Let £ be an i? valued point 
of Vn=^"^(C, 6)- xf^ T and set T_{Q) = Since R is strictly henselian, we may trivialize all 

local P^.-shtukas £!~^ {{L+FyjR,b[a*yJ and ^ ((L+P^J/j, 6^ <t*J over R. Consider an L- 

valued point x of J|„- A4 r which maps to under the morphism ^g^ and represent it as the 
tuple [{{L^¥y^)L,b[a*.), gi)., where gi lies in LPy^{L). We may take a faithful representation 
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p: — > GL(V), where V is a vector bundle over C of rank r; see Proposition I2.^(a)| Let p*Gq 
be the induced global GL(V)-shtuka over T. Note that we want to show that there is a unique 
morphism a which fits into the following commutative diagram 




T T. 

The horizontal arrows in the right commutative diagram are induced by the representation p. In 
addition the existence and uniqueness of the morphism a follows from the fact that Hi is 
ind-proper over T by Theorem 14.41 because GL(V) is reductive, and that V„^^(C, GL(V))- Xf„ T 
is ind-separated over T by Theorem 13.141 The -R-valued point a is given by a tuple of the 
form (^(^p^{L^F^^)Jl, p{b'j)a*J ,gi)-, where gi lies in LGLr{R). Since LG is closed in LGL^ and 
gi extends gi over R the element g^ lies in fact in LPy.{R). Thus gi produces an extension of 
[{{L'^¥y-)L,h[a*.), gi) . over R. This gives the desired morphism a. Note that the commutativity 
of the diagram 

Spec R ^ v„ jr^ (C, e)^xw^f 

follows from the ind-separatedness of the stack V.„J^^(C, (S)- Xf^ T; see Theorem 13.141 □ 

Remark 5.4. We observe that the image of lies inside the quasi-isogeny locus of in 
V„J^^(C, ©)-. Indeed, by the above construction, starting with an ^-valued point x = {{£^i),Si). 
of Y\i -Mr (S) there is a unique quasi-isogeny 6x- ^^g^ix) = (^* o . . . o SIQ_q g 0_q s '^hich is an 

isomorphism outside the Vi with (T_{'^g^{x)),T{6x)^ = ^ by Proposition 15.21 

6 Galois Representations Associated with Global 0-Shtukas 

We want to generalize the notion of level structures on global ©-shtukas in this section. Fix an n- 
tuple i£ := (z^i, . . . , f„) of pairwise different places on C and recall the notation from Definition 1 5. 11 
Let C" := C \ {i^i, . . . , Let S* be a scheme in Milpj^^ and let G_ G V„J^-^(C, <3)-{S) be a global 
(S-shtuka over S. For a finite subscheme D of C set Ds ■= D Xf, S and let G_\ds •= 9. ^Cs 
denote the pullback of G_ to Ds- Let Rep^j^ <3 be the category of representations of <3 in finite free 
modules V over the ring A- := Yiu^u -^f of integral adeles of C outside v_. More precisely, Rep^i/ © 
is the category of A--morphisms p: (5 x^* Spec A- — t- G\jp^e.{V). Assume that S is connected, fix 
a geometric base point s of 5", and let Funct*^ (Rep^^/ (5, 9JtociAii[ui(5,s)]) denote the category of 
tensor functors from Rep^i/ 6 to the category S[Ro(iAJi[7ri(s,s)] of A-[7ri(5, s)]-modules. We define the 
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(dual) Tate functors as follows 

f-:Vn^HC,enS) Funct^{Repj,^(S,Tlodj,^[^^^s,s)]) (6-1) 

Q i — > {Tg: p lim {p^QId^Y) , 

V_ : V„jri(C, ens) Funct^iRep^^ , fmodA| (5,1)] ) (6-2) 

g I — > (Vg : p ^ lim {p^g\o,Y ^At. A|). 

This definition is independent of s up to a change of base point. By |AH13t Remark 5.6] there is 
a canonical isomorphism lim {p^QjosV — '^L+(g)^P'^) where p = (p^) and where L^{Q^ is the 

etale local Pj^-shtuka associated with Q_ = {Q,t) at a place v € C outside the characteristic places 
u. The functor V_ moreover transforms quasi-isogenies into isomorphisms. 

Definition 6.1. Let w^^: Rep^ji 6 — )• DJlod^i^ denote the forgetful functor and set := A-Cgfo^Q 
and oj° := uI^^^ai^^q '■ Rep^^ & — )■ Tlodj^E. . For a global 6-shtuka Q_ over S" let us consider the sets 

of isomorphisms of tensor functors Isom® (7g , w^^) and Isom'^(Vg, 0;°). These sets are non-empty 
by Lemma 16.21 below. Note that 0(A-) = Aut®((^^i^) by the generalized tannakian formalism 
|Wed041 Corollary 5.20], because A- is a Priifer ring. By the definition of the Tate functor, 
Isom® (Tg , w^^) admits an action of 0(A-) x 7ri(5, s) where (5(A-) acts through and 7ri(5, s) 
acts through Tg. Also Isom'^(Vg, a;°) admits an action of 6(A^) x tti{S,s). 

Lemma 6.2. The sets Isom*^ (Tg , w^^) and Isom'^(Vg, 0;°) are non-empty. 

Proof. Using the injective map Isom® (Tg, a;^,^) — > Isom® (Vg, tj"), 7 1— )■ 7q := 7(8'AiiA^ it suffices 
to prove the non-emptiness of Isom® (Tg , uj'^ij ■ Since the question only depends on the pullback of 
g_ to the geometric base point s we may assume that S = Specfe for an algebraically closed field k. 
For each place 1/ G C" we consider the etale local Pj/-shtuka L'^{Q^ associated with Q_ as in |AH131 
Remark 5.6]. By \Am?,\ Corollary 2.9] there is an isomorphism ^ ((L+Pj,)^, l-a*) =: L^. 

For the local P^z-shtuka h^, the Tate functor TL^ equals the forgetful functor Rep^_^ Fi, TlodA^ ■ 
Then 7g = Hiyec' '^L+{g) — TlueC %l„ — ^li^ provides an isomorphism in Isom® (7g , w^^) . □ 

Definition 6.3. (a) For a compact open subgroup H C (5(A^) we define a rational H-level 
structure 7 on a global 0-shtuka Q_ over S G Milp^^ as a 7ri(S', s)-invariant i?-orbit 7 = Hj 
in Isom®(Vg,w°). 

(b) We denote by V^^^(C, 6)- the category fibered in groupoids over J\filpj^^ whose S*- valued 
points J^^{C, (5)-{S) is the category whose objects are tuples 7), consisting of a global 
0-shtuka Q_ in \/n^^{C,0)-{S) together with a rational H-level structure 7, and whose 
morphisms are quasi-isogenies of global (5-shtukas that are isomorphisms at the characteristic 
places z/j and are compatible with the ff-level structures. 

This definition of level structures generalizes our initial Definition 13.41 according to the following 

Theorem 6.4. Let D <Z C he a finite subscheme disjoint from v_, and consider the compact open 
subgroup Hd ■= ker(©(A^) ©(Od)) o/0(A^). Then th ere is a canonical isomorphism of stacks 
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Proof. Let (£,■0) be an object in VnJ^(C, 6)^(5) where V 

is a D-\evel structure; see Defini- 
tion [STTl For any representation p in Rep^i. © the isomorphism ^p■. 0_\ds ® Ds induces an 
isomorphism p*Q_\ds GLdimp.D^ and consequently we obtain a transformation 7: Tq^ailOd — ^ 
0J%^ Od- Let 7 e Isom^CTg, w^j^) be a lift of 7 to and let 7q G Isom'^(Vg, a;°) be the iso- 
morphism induced from 7. Then the coset H^^q only depends on ip and we define the morphism 

VnJ^MC, &)-{S) ^ V^^ <S)^S) (6.3) 

by sending to [Q^Hd^q). 

Let us show that this functor is essentially surjective. Let {G_, Hq^q) be an object of the category 
V^^jri(C,6)^. By LemmaEJwe may choose an isomorphism j3: Tg — > ^ae.- The automorphism 
jqf^Q^ G Aut^{u}°) corresponds to an element g G ©(A^) by [Wed04l Corollary 5.20]. We may 
write g := (fifa;i, • • • ^ <3{Q^^) x . . . x 6((5a;J x 6(A^'^) for suitable r and x = G (C')^ 

and set := 5 ' (1, ■ ■ ■ , 1, 5-)"^ = (fe,^- • 1) and /?' := {l,...,l,g^) ■ f3 G Isom®(%u;XJ- 
For each Xj let L^_{Q) be the etale local P^j.-shtuka associated with Q_ by |AH131 Remark 5.6]. We 
consider the automorphism 6 := {6x1, ■ ■ ■ , Sx^, 1) := {fiq)"^ {g')~'^ fiq = "Iq^Pq G Aut®(Vg) and in 
particular its components G Aut®(V^+ ^g^. By [AHISI Proposition 3.6] there is a quasi-isogeny 

L+(£) ^ L+(£) with = 

From Proposition 15.21 we obtain a global 0-shtuka = f* o . . . o f^Q_ together with a quasi- 
isogeny f '■ ^ Q_ which is the identity outside the Xi, such that the induced quasi-isogeny of the 
associated etale local P^i-shtukas is fi. Then the rational Tate functor V from (16. 2p takes / to 

Vf = 6 = [p'Qr\g'r'0Q = iq'p'q- 

Consider the pair (^', H£)I3'q) consisting of the global ©-shtuka = {G', t') together with the level 

structure /3': Tg' w^^^ defined over A-. Note that this is quasi-isogenous to {Q_,H£)^q) under / 
and that / is an isomorphism outside the Xj. 

We now want to show that {G^ , HdI^'q) = {{G' 1^')^ Hd^q) actually comes from a pair {Q^,ip) 
in Vn=^^(C, ©)-. Consider the category Rep(7 & of representations of © in finite locally free Oc- 
modules, the category Vectc of finite locally free Oc-modules, and the natural forgetful functor 
uj^ : Repc © — Vectc- The composition of the functor • (^Oc ^^Pc ® ~^ R^p^ii & followed by 
the fiber functor equals loq <^Oc Also consider the category ^Wlodug of finite locally free 
sheaves on Ds, and the functor 

In particular A^g^cCs ~ ^Oc ^Ds- For a representation p G Rep^ © the "finite shtuka" 
P*Q^ XCs over S consists of the locally free sheaf M := p^,Q' ®Ocg = ^g'{p) -^5 

together with the isomorphism p*r': cr*M M. Let S ^ S he the finite etale Galois cov- 
ering corresponding to the kernel of 7ri(S', s) — > Auto^ (Tg/ (p) (8>Aii Od)- Then 7ri(5, s) acts on 

Tg'ip) (SiAii Cd through its quotient Gal{S/S). As in the proof of |AH13l Proposition 3.4] there 
is an isomorphism Adgiip) := p^G' ®Ocg — {Tg'{p) (S>A!^ Od) <8)Fg which is compatible 

with the action of Gal(S'/S') and the action of Frobenius through /o^r' on the left and id 00" on 
the right. Therefore the '7Ti{S, s)-invariant coset HdP'q C Isom*^ (Tg' , i^^ii) induces an isomorphism 
■^g'ip) -^ixeCs(/') which descends to S. In this way f3' induces an isomorphism of tensor 
functors rj: M^, ^ -^IxcCs' 
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We want to show that this isomorphism comes from a level structure ip. Since D is finite 
there is an etale covering 5" — > 5 and a trivialization a: {<3 xq Dg/ ,b ■ a*) xq^ Dgi for 

an element h G (3{Ds')- The composition of tensor isomorphisms rjs' o Jli^ G Aut®(A^gx^(;;^) ~ 
Aut^iu^) (Od^.,) = &iDs') is given by an element ^j' G (3{Ds') by |Wed04l Corollary 5.20]. The 
latter induces an isomorphism ?/^': {<3 xq Dgi,b ■ a*) {& Xc Dgi, 1 • a*). This isomorphism 
descends to the desired level structure •0: ^' x^^ Ds (*5 Xc' Ds, 1 • c*). 

Analyzing this construction further also shows that the functor (I6.3p is fully faithful. This 
proves the theorem. □ 

Proposition 6.5. Let H,H CI 6(A^) be compact open subgroups and assume that H is a normal 

subgroup of H . Then the stack vf.^^(C, 0)^ is an H/H-torsor over V^.^^{C,<&)^ under the 
projection map. 

Proof. One can easily check that there is an isomorphism of stacks 

V^M'^C&rxH/H ^ vfjrnC,©)^Xv^,^i(c,0)iiVf^i(C,6)^ 
(£, H5) xgH ^ (£, H6) x (£, Hg6) 
{g, H5) X ed'^H ^ (£, H6) x (£, He) 

□ 

Remark 6.6. For any compact open subgroup H C ©(A^) and any element g £ <5{A^) there is 
an isomorphism V^^i((:7,6)i^ ^ Vi"'^'' J^^{C,e)^, {g,H6)^{g,{gHg~^)g6). 

Corollary 6.7. For any compact open subgroup H C 0(A^) the stack V^J^^(C, 0)- is an ind- 
algebraic stack, ind-separated and locally of ind-finite type over Spf Ajy_. The forgetful morphism 
V^J^^{C, 0)^ ^ V„jri(C, 6)^ which sends (£, H5) to £ is finite etale. 

Proof. By Remark [6.6l we may conjugate H into 0(A-) and find a normal subgroup of H of the form 
Hd- By Theorem Eai and Proposition[63]the stack V^=^^(C, is the quotient of VnJ^(C, 6)^ 
by the finite group H/Ho. The corollary now follows from Theorem 13. 141 □ 

7 The Uniformization Theorem 

Definition 7.1. Fix an n-tuple u_ = [ui) of places on the curve C with ui ^ Vj for i ^ j. Let 
Zjy_ := {Ziji be a tuple of closed ind-subschemes Zi of J^t-f^. which are bounds in the sense of 
Definition SSI Let £ be a global 6-shtuka in V„Jf ^(C, We say that £ is bounded by 

Zy_ := {Zi)i if for every i the associated local P;^-— shtuka r,y. (£) is bounded by Zi. We denote by 

Vn'^-^^^C, the substack of V^M'^{C, 6)^ consisting of global (S-shtukas bounded by Zy_. 

Remark 7.2. V^'^-J^^^C, 6)^ is a closed ind-stack of V^^^{C, <5)^ by Proposition HSl and 
hence an ind-algebraic stack over Spf which is ind-separated and locally of ind-finite type by 

Corollarv 16. 7i In contrast to |AH131 Remark 4.6] we do not know whether V„, ' -M' {C,&)- is a 

formal algebraic Spf A,y-stack. The problem is the following. V^' (C, 0)- is the limit of an 
inductive system of algebraic stacks. One has to find a compatible inductive system of presentations 
for these algebraic stacks such that this inductive system forms an ind-scheme. Then one could 
argue as in |AH131 Remark 4.6] that this ind-scheme is in fact a formal scheme and consequently 

- is a formal algebraic stack in the sense of |Har051 Appendix A]. 
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We keep the notation of the definition and consider a compact open subgroup H C 0(A^). 
Let (^Q,7o) be a global (5-shtuka over an algebraically closed field k with characteristic ly, 
bounded by Z^^, with H-level structure 70 = H^q G ff\ Isom®(Vg^, a;°). It defines a point in 

Vn'^-^HC,6)^(fc). We fix a representative 70 G Isom®(V£^, a;°) of 70. We let I{Q) denote 
the group QIsog;j(£Q) of quasi-isogenies of see Definition 13.51 Let (Lj)j=i...„ := T{G_q) denote 
the associated tuple of local Pj/.-shtukas over k, where F is the global-local functor from Defini- 
tion [SrTl Let Alf' denote the Rapoport-Zink space of Lj. Since k is algebraically closed we may 
assume that all Lj are trivialized and decent by |AH13l Remark 4.10]. By Theorem 14.71 the 
product Yli-^h. •~ -^L^ . . . Xfc A^^" is a formal scheme locally formally of finite type over 
Specfc XF^Spf ]4i, = Spf /c|Ci, . . . ,Cnl =: SpffeJCl- Recall that the group Jh^iQuJ = QIsogfc(Lj) 
of quasi-isogenies of Lj over k acts naturally on A^l*' Remark 14. 8[ Especially we see that the 
group I{Q) acts on -A^l' natural morphism 

HQ) ^ n4,(Q-J' « ^ =: (7.1) 

i 

Let r C Yl - Jh^iQuJ be a subgroup which is discrete for the product of the i/j-adic topologies. 
We say that F is separated if it is separated in the profinite topology, that is, if for every 1 7^ G F 
there is a normal subgroup of finite index that does not contain g. 

Proposition 7.3. Let S be a connected non-empty scheme in Milpj^^ whose structure morphism 
factors through a morphism f3: S ^ Spec A;. Then the natural group homomorphism QIsog;-(^Q) — >■ 
QIsog_5(^Q g ^ gs 'i'S isomorphism. 

Proof. Since 5 is non-empty the group homomorphism is injective. To prove surjectivity we con- 
sider a quasi-isogeny / G QIsog_g(£Q ^). Since the question is local on S we may assume that 
S = Spec-R is affine. Let C C be a divisor such that / is an automorphism of G\cs^Ds- We set 
C' := C ^ {D yjv) and choose a finite fiat ring homomorphism vr* : '^q\t\ ^ Oc{C') of some degree 
d. We also choose a representation p: © ^ GL(V) for a locally free sheaf V on C of rank r as in 
Proposition I2.^(a)| The global GL^-shtuka p*Qj^ corresponds to a locally free sheaf M of rank r on 
C'j. together with an isomorphism r: a*M M, because C'Oiy = 0. The quasi-isogeny p*/ corre- 
sponds to an automorphism /: M/j Mj^ with /r = Ta*{f). Via vr* we view M as a (locally) free 
/c[t]-module. We choose a basis and write r and / as matrices T G GLrrf(A;[i]) and F G GhrdiR[t]) 
satisfying FT = Ta*{F). We expand T = Y,i Tit' and T^^ = Y.i T^t' and F = Y,. FiV in powers 
of t. Consider the equations Fm = Yji+j+i=mTi'y* {Fj)% and a*{Fm) = I]i+i+£=m ^/-^i^^' where 
the matrix a*{Fm) is obtained from F^ by raising all entries to the q-th. power. This shows that 
the entries of the matrices Fm satisfy finite etale equations over k. As A; is algebraically closed and 
Speci? is connected we must have F G GLrd{k[t]) C GLrd{R[t]). This implies that f = gg for a 
quasi-isogeny g G QIsogfc(£Q). □ 

Theorem 7.4. Keep the above notation, we have the following statements 

(a) the morphism "ifg^ from Theorem 15.31 along with the representative 70 G Isom®(Vg^,a;°) 
induces an I (Q) -invariant morphism 

e': YlMt X ©(A|)/F V^'^-jri(C,©)^XF^Specfc. 
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Furthermore, this morphism factors through a morphism 

i 

of ind- algebraic stacks ower Spf A; |(^] which is ind-proper and formally etale. Both morphisms 
are compatible with the action o/0(A^) which acts through Hecke- correspondences on source 
and target. 

(b) Let {Tj} be a set of representatives of I {Q)- orbits of the irreducible components ofY\^ Ai^' x 
(5{A^) / H . Then the image @'{Tj) of Tj under Q' is closed and each Q'{Tj) intersects only 

finitely many others. Let Z denote the union of the @'{Tj) and let Vn'^~, J^^{C, ^Yjz 

formal completion ofVn'^-, M'^ (C, (25)- xf^ Spec k along Z. Then 9 induces an isomorphism 
of formal algebraic stacks over Spfk^Q 

i 



Remark 7.5. (a) Notice that the Tj correspond bijectively to the irreducible components of 
I{Q)\Y\i-^l". X ^{^q)/H. The Q'{Tj) are closed substacks because Tj is quasi-compact by 



[AH131 Corollary 4.22] and Q' is ind-proper by part (a) of the theorem. Since the quotient 
I(Q)\n^7W^' X 0(A^)/i? is a formal algebraic stack locally formally of finite type over Spf /cjC] 
by |AH131 Proposition 4.23], each Q'[Tj) intersects only finitely many others. Reasoning as in 
[RZ961 6.22] we may form the formal completion along their union Z. It is defined by requiring 

that its category \/n'^~'^^iC, &)j2^{S) of 5'-valued points equals 

{ /: 5 ^ Vn'^-M'^iC, 0)^ Xf. SpecA;, such that f\s,,^ factors through Z]. 



A priory this is only an ind-algebraic stack over Spf fcl^"], but it will follow from Theorem 17. -^(b)] 
that it is a formal algebraic stack. 

(b) The action of g G S5(A^) by Hecke correspondences is explicitly given as follows. Let H,H' C 
©(A^) be compact open subgroups. Then the Hecke correspondences T^{g)H,H' are given by the 
diagrams 

Y[,Mt^H^%)l{H'r^g'^Hg) (7.2) 



n. X 6(A|)/i/' ^ X 6(A|)/i/ 



Ci,5i)i X hH 




X h{H' n g 




{Ci,5i)i X hg ^H 
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and 



(7.3) 



Vf '^-^^ iC,&)!^^ V^'^- (C, 6)^ 



(£, (H'ng-'Hgh) 



Proof of Theorem \7.4\ Consider the following 2-cartesian diagram of ind-algebraic stacks in which 
the map in the bottom row was introduced in Theorem 15.31 

U^ Vf^^^i (C, 6)^ X Spec k (7.4) 



Ui -^L, V„ Jfi (C, 6)^ XF^ Spec A: . 

In particular the morphism in the upper row, which we again call ^g^, is ind-proper and formally 

etale. Consider an S valued point (£j, 6i)i of fli -^l' let Q_:= S^o . . .o (5*£q ^ denote its image 
under ^g^^ . By Remark 15.41 there is a unique quasi- isogeny ^■Q_—^Qj)g which is an isomorphism 

outside the Ui and satisfies T{6) = {6i)i. This induces a functor Ts : Tg Tg^^, see (16. Ij) . Recall 
that we fixed a representative 70 € Isom® ( Vg^^ , ) of the iJ-level structure 70 = 70-ff on Q_q. Now 
sending {Ci,6i)i x /li^ to Hh~^^Q'Ts) defines the morphism 

e': H-^fi ^ ®(^q)/^ ^ Vn'^-^^(C,6)^XF,SpecA;. 

i 

It sends the A:-valued point (Lj, id)j x /iff to {Qj^, Hh~^-)Q) and is obviously equivariant for the 
action of 6(A^) through Hecke correspondences given in (j7.2p and (j7.3p . 

The group I{Q) of quasi-isogenies of acts on the set Isom® (Vg^, a;°). This induces a mor- 
phism 

e: /(Q) ^ ^txt®(u;°) ^ ©(A|), r? ^ 70 o o 7-1. 

We claim that e is injective. Indeed, if 77 lies in the kernel of e we consider a faithful representation 
yo: ^ GL(V) as in Proposition I2.^(a)| Then p^rj induces a quasi-isogeny of the vector bundle 
associated with /9*£q, whose restriction to Ck^E is the identity because of [AH131 Proposition 3.4]. 
Therefore rj must be the identity. This proves that e is injective. Thus we get the following injective 
morphism 

(f,,,e): /(g) ^ J]4^(Q,J X 6(A|) 

i 

and we identify I{Q) with its image. The group I{Q) acts on the source of the morphism 0' by 
sending an 5-valued point {Ci,6i)i x hH to {Ci,T^.{r])Si)i x e{if}hH for rj G I{Q)- Note that these 
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two 5-valued points are mapped under Q' to global 0-shtukas with H-level structure over S which 
are isomorphic via a quasi-isogeny induced from r/. In other words, Q' is invariant under the action 
of /(Q). 

We claim that I{Q) is a discrete subgroup 

of Ui \^{Qy^) X ®(^|)- To show this we take the 
open subgroup U := Yl^kvXkiW x 70 Aut® (TgjTo'^ C \{i\^{Qv^) x 6(A|). The elements of 
I{Q) n U give automorphisms of the global (5-shtuka Q_q := [Q, tq). Then the finiteness of I{Q) H U 
follows from Corollarv 13.151 Therefore 

where T runs through a countable set of discrete subgroups of Yl - Jh-iQuJ of the form 

r = ([[JL^iQ.,)xhHh-')niiQ) c n4,(^3-J- 

These groups T are separated, because for every element 1 7^ ?] € T there is a normal subgroup 
H C H of finite index such that hHh~^ does not contain the element e(r/) 7^ 1. Therefore 

I{Q)\\{iMl' X (5{A'^)/H is a formal algebraic stack by |AH13l Proposit ion 4.23], and the mor- 
phism Q' factors through the following morphism of ind-algebraic stacks 

6: X 6(A|)/// Vn'^'^J^HC,&)!^Xf^Speck. 

i 

This morphism is ind-proper and formally etale, because the morphism in (]7.4p is, and the 
morphism which forgets the H-level structure is finite etale by Corollary 16.71 



|(b)| The morphism @z is locally of ind-finite presentation because Yii-^h- ^ ^{^q)/H, as a 
formal scheme locally formally of finite type, is locally of ind-finite presentation over Spf / 



Since V^'^-Jf ^(C, '^)^2: ~^ V^''^-=^^(C, &)- x^^ Spec is a formally etale monomorphism of ind- 
algebraic stacks, and is formally etale and ind-proper, it follows that also Qz is formally etale 
and ind-proper. 

We fix a representation p: (5 SL(V) as in Remark 13.61 and consider the closed substacks 
:= V^'^-Jf'i(C,©)^^ Xv„j^i(C,6) Vfjf'^(C,0); see Definition [3l2l Since by Theorem [3Jl 
the V^J^^(C, 0) are Deligne-Mumford stacks locally of finite type over C", the X— are locally 
noetherian formal algebraic stacks over Spf by [HarOSl Proposition A.14]. We may write 

X := Vn'^^J^\C,(5)j2 = llmX^. 

Let 3^ denote the source of the uniformization morphism and set y— ■= y X—- It is a closed 
formal algebraic substack of y. Since X— and y— are locally noetherian adic formal algebraic stacks 
they have maximal ideals of definition and J^^j- For positive integers m consider the algebraic 
substacks := V(X-) and y^ := Y{J^) C y^ 



Now part (b) will follow from Lemmas 17.61 and 17.71 below. More precisely, by Lemma 17.71 
we have 6^(Xlj) = JTL. Then y^ — )■ is obtained from y ^ A! hj base change, and hence 
is a formally etale 1-monomorphism (by Lemma 17. 6p of algebraic stacks, proper and of finite 
presentation. In particular, it is relatively representable by an etale proper morphism of schemes; 
see [LMOOl Theoreme A. 2 and Corollaire 8.1.3]. In addition the monomorphism Qz is surjective 
by definition, hence y^ — )• is an isomorphism. As this holds for all ni and all iu we conclude 
that @z : 3^ ^ <^ is an isomorphism of stacks. □ 



REFERENCES 



25 



Lemma 7.6. The 1-morphism @z '- 3^ —s- A' is a l-monomorphism of ind- algebraic stacks, in other 
words, for every S £ Milp^Q the functor Qz{S) ■ y{S) '^{S) is fully faithful. 

Proof. Consider two S-valued points of y 

X := {{Ci, Si)i, hH) and y := {{C!,, 5% h'H) 

which under @z are mapped to global ©-shtukas (£,7) and (^',7') with i7-level structures 7, 

respectively 7'. Assume that (£,7) and (£',7') are isomorphic in V^' -Jif {C, &)-{S) via a quasi- 
isogeny ip: which is an isomorphism at the and compatible with the iJ-level structures; 

see Definition 16.31 By the construction of the morphism Qz ■, there are canonical quasi-isogenies 
(5 : £ — > £q g and 5' : ~^ 9jo s ^'^^^^ — and T{S') = {5^)i. Consider the quasi-isogeny 
rj := 5'ip6~^ from G_q ^ to itself. By Proposition 17.31 we may view r] as an element of I{Q). 
Between the associated local Pj^.-shtukas we consider the corresponding quasi-isogenies 



Us 



Since ^ — t- ^' is an isomorphism at the Vi the quasi-isogenies F^. (y?) are isomorphisms. This 
shows that r,, (r?) ■ 5,) = f (77) o 8,) ^ 5[). 

Via the Tannakian duality rj operates on the i7-level structures as the element £(77) € ©(Ag) = 
Aut®((^°), this fits in the diagram 



Tg 



Ts 



70 



e{ri) 



Tc 



g' 



70 



and hence e{r]) • hH = h'H. This proves that r] ■ x = y and thus @z is a monomorphism. 

c7tj- In particular the 1-morphism Qz ■ y— - 



Lemma 7.7. For every iv we have Q^ilu; 
formal algebraic stacks is adic. 



□ 

of 



Proof. We have 3^^^ = y^. Let p: X— — )• X'^^ = V(2(^) be a presentation. By Theorem 
and Lemma [7.61 we see that &z,m' ym X— — )• X— is a proper monomorphism of algebraic 
stacks, hence a closed immersion of schemes. Since Qz is surjective and X— is reduced, Qz,m. must 
be an isomorphism for all m. Therefore y^L X— = X- = y^^ ^x^ X- and y- x^^i^ X- = 



\\my^ Xx^X^ = yf^^ xx^ X^. This shows that y^ Xf^^ 
equals the puUback under Qz of X^^, and hence Qz is adic. 



y-^ ^x^X; 



red' 



Therefore 

□ 
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